We design an extremely compact photonic crystal waveguide spatial mode converter which converts the fundamental even mode to the higher order odd mode with nearly 100% efficiency. We adapt a previously developed design and optimization process that allows these types of devices to be designed in a matter of minutes. We also present an extremely compact optical diode device and clarify its general properties and its relation to spatial mode converters. Finally, we connect the results here to a general theory on the complexity of optical designs. conversion using anti-symmetric waveguide bragg gratings," Opt. Express 13, 4180-4184 (2005). 13. S. Y. Tseng and M. C. Wu, "Adiabatic mode conversion in multimode waveguides using computer-generated planar holograms," IEEE Photon. Technol. Lett. 22, 1211Lett. 22, -1213Lett. 22, (2010. 14. P. Sanchis, J. Marti, J. Blasco, A. Martinez, and A. Garcia, "Mode matching technique for highly efficient coupling between dielectric waveguides and planar photonic crystal circuits," Opt.
Introduction
There is growing interest using multiple spatial modes in optical systems to increase information processing capacity [1] . Much of the existing work has been focused on fiber optic communications, but there is also interest in developing integrated on-chip applications [2] . The basic building blocks of these systems are components that can perform spatial mode manipulation with minimal crosstalk over a wide bandwidth. Also, from a more fundamental point of view, spatial mode manipulation has provided a model to understand complexities in optical devices in general [3, 4] . One important class of devices is those that convert one waveguide mode into another. Aside from applications which require their explicit functionality, mode converters are necessary to excite higher order waveguide modes due to the difficulty in coupling modes other than the fundamental into a waveguide from free space. This conversion is conventionally performed adiabatically using tapered waveguide designs that are tens or hundreds of wavelengths long [5] [6] [7] [8] [9] [10] [11] [12] [13] . More compact designs have also been shown with good, though still limited, conversion efficiency [14] .
We present here an extremely compact photonic crystal waveguide mode converter which converts the fundamental even-symmetric waveguide mode into the second order oddsymmetric mode, and vice versa, in a length of four wavelengths, with nearly 100% conversion efficiency. We also show a smaller structure which performs mode conversion of only one mode and we discuss its relationship to the optical diode effect.
We employ an aperiodic design methodology [15- 
Mode converter

Design considerations based on general properties of the scattering matrix
The structures we consider are modifications of a background photonic crystal of silicon rods (ε = 12) of radius 0.2a in air (ε = 1) on a square lattice of lattice constant a (Fig. 1) . The fields are polarized with the electric field out-of-plane. The input and output waveguides (blue regions in Fig. 1 ) are formed by removing two lines of rods. These waveguides support two modes: a fundamental even-symmetric mode and a higher order odd-symmetric mode. Our aim is to design the coupler region (orange region in Fig. 1 ) between the waveguides that enables modal conversion. An ideal mode-converter device completely converts the fundamental even mode to the higher order odd mode, and completely converts the odd mode to the even mode, as illustrated symbolically with its corresponding scattering matrix in Fig. 2 . We will denote by the letters A and B the even and odd modes, respectively, to the left of the coupler. Similarly, the letters C and D will denote the even and odd modes, respectively, to the right of the coupler. The scattering matrix relates the amplitudes of the out-going A, B, C, and D modes (indicated in blue in Fig. 2 ) to the amplitudes of the in-going A, B, C, and D modes (indicated in red in Fig. 2 ). Note that the phases of the modes can always be defined to make the scattering matrix have the given form with purely real entries.
Any reciprocal structure that enables 100% transmission of an incident even mode on the left to the odd mode on the right must necessarily provide complete transmission as well for an incident odd mode on the right to the even mode on the left. Such reciprocity holds for any passive and linear structure consisting only of materials described by scalar permittivity and permeability, as is the case here. Analogously, complete transmission of an incident odd mode on the left to the even mode on the right necessarily implies complete transmission of an even mode from the right to the odd mode on the left. Since an ideal mode converter performs both of these conversions, it must have identical behavior in both directions. For an ideal mode converter, there is therefore a symmetry in the S-matrix between the leftto-right conversion, and the right-to-left conversion. (This specific desired symmetry for such an ideal mode-converter device is in addition to, and consistent with, the general property that the S-matrix itself must be symmetric for any reciprocal system, as discussed above.) The most direct way to enforce this property of the system is to impose inversion symmetry on the structure. Therefore in the coupler region highlighted in 
Numerical design and optimization
In order to optimize for conversion efficiency as well as bandwidth, the following error metric is used to evaluate designs:
where p ω is the conversion efficiency at frequency ω. For the examples shown in the remainder of this paper, we evaluate J by summing the conversion efficiency at a center frequency of 0.4025 × 2πc/a and two neighboring frequencies 0.3% above and below.
The design process proceeds in two phases. In the first phase, a combinatorial search is performed where every possible combination of rods (presence or absence) on the 20 lattice sites in the coupler region is considered. In this phase, the rods considered are identical to those in the background photonic crystal (with radius 0.2a). Any structures encountered in the combinatorial search that show promising conversion behavior (J 0.5) are considered initial candidates for further optimization.
In the second phase, the initial candidates are fine tuned by adjusting the rod radii in the coupler region using a simple gradient descent method to minimize the error metric J in Eq. (1). The gradient of J with respect to rod radius is straightforward to calculate by applying the adjoint variable method throughout the computational process [21, 22] . In both phases of optimization, in order to limit the design space, we consider only structures with rods centered on the 20 possible lattice sites within the coupler region.
There are a total of 2 20 possible rod configurations, and a systematic enumeration of the entire space of about one million combinations is performed using an efficient simulation method tailored to the particular class of structures being analyzed [23] . The Dirichlet-to-Neumann (DtN) map is used to model each unique type of unit cell [24] . The details of the method have been described thoroughly in [25], but we briefly state the essential details. The DtN map at a single frequency relates the tangential electric field on the boundary of a unit cell to the tangential magnetic field on the boundary. By enforcing field continuity conditions, one then obtains a linear system Ax = b where x represents the fields on the boundaries of the unit cells, b represents the incident wave source, and A is the system matrix formed from the DtN maps.
In the initial combinatorial search, only two unit cell types are present, so only two different DtN maps need to be computed. For the special case of rods in air, the DtN map can be computed with cylindrical wave expansions, and this basis is sufficiently accurate that only 5 unknowns per unit cell edge are required (verification with 7 unknowns per edge yields essentially identical results). Therefore, for the structures shown, the resulting linear system has dimensions 865 2 . On a local cluster with 80 cores, the entire combinatorial search of 2 20 structures at a single frequency can be completed in 10 minutes, while the subsequent gradient optimization usually takes no longer than 5 minutes on a personal computer.
Results
One configuration which achieved very high conversion efficiency is shown in Fig. 3 . All the rods in this structure are identical (r = 0.2a), and further optimization of rod radius did not produce substantial improvement in device performance. As shown in Fig. 3(a) , the mode converter exhibits greater than 99% peak conversion efficiency from mode A to mode D with a relative frequency width of 0.176% at the 90% threshold. For a center wavelength at 1.55 μm, this corresponds to a bandwidth of 2.73 nm. Note that the spectrum for the other three conversion processes (B to C, C to B, D to A) must all have the same spectrum, as required by inversion symmetry and reciprocity. Therefore when considering the scattering matrix of this device, one can immediately see that it performs as a nearly perfect mode converter. Quantitatively, the reflection (from a mode back into the same mode) and crosstalk (conversion efficiency to an unwanted mode) parameters at the operating frequency of ω = 0.4025 × 2πc/a are all lower than −45 dB, demonstrating excellent suppression of undesired behavior. Representative field patterns for the device for the A to D conversion and the B to C conversion are shown in Fig. 3(b) . The entire coupler region occupies an area of 4 × 10 unit cells, which is about four wavelengths long and two wavelengths wide. To the best of our knowledge, this is the most compact design of a dielectric mode converter at the present time. 
Optical diode
An optical diode is a device similar to the mode converter above, except that it only completely converts a single mode while completely reflecting all other modes. The functionality of an optical diode and its corresponding scattering matrix is summarized in Fig. 4 . The even mode A from the left is converted into the odd mode D on the right, while the odd mode B from the left is completely reflected back to the same odd mode B at the left. From the right, the even mode C is completely reflected back to the even mode at the right, while the odd mode D from the right is completely converted to the even mode A to the left. Note the apparent asymmetry in the device behavior when the same mode is sent in from either side of the device (e.g., the even mode is completely transmitted in one direction, but completely reflected in the other direction), hence the word "diode".
There have been numerous reports of such optical diodes [26] [27] [28] [29] [30] . Additionally, in the laboratory it is common to use the combination of a polarization beamsplitter and a quarter wave plate to separate forward and reflected backward beams spatially; such a device is an optical diode in the current sense, operating on the two orthogonal input polarizations rather than orthogonal spatial modes. It is important to emphasize that such optical diodes are fully reciprocal devices and cannot perform optical isolation [31], however they do provide an interesting capability for mode manipulation and thus might have potential applications. Previously reported designs of optical diodes operating on spatial (rather than polarization) modes have all been periodic devices which require many periods to achieve efficient mode conversion. Some of these designs, in addition, use materials that have intrinsic loss. In contrast, we present a design which is both compact and uses completely lossless materials.
Since by the very definition of an optical diode there is no symmetry between the left-toright and the right-to-left conversion processes, the structure cannot have inversion symmetry. We therefore take a smaller coupler optimization region shown in Fig. 5(a) and apply the same optimization strategy as was described in the previous section. The rod configuration shown in Fig. 5(a) corresponds to one particular structure with high conversion efficiency found in the combinatorial search. Further optimization of the radii of the 10 rods in the coupler region yielded the optimized structure shown in Fig. 5(b) . A comparison of the conversion efficiency spectrum before and after the rod radius optimization is shown in Fig. 6 , showing a clear improvement in both peak conversion efficiency as well as a doubling of the usable bandwidth. The peak conversion efficiencies (mode A to D and mode C to C) at the design frequency ω = 0.4025 × 2πc/a exceed 97%, while the reflection and crosstalk parameters (the remaining mode conversions) are below −35 dB.
Representative field profiles of the optimized structure in operation at the design frequency are shown in Fig. 7 . The top row shows excitation from the left waveguide, while the bottom row shows excitation from the right waveguide. The field profiles explicitly show the asymmetry of the conversion process for a particular mode. The fundamental mode is completely transmitted from left to right ( Fig. 7(a) ), while it is completely reflected when incident from the right (Fig. 7(c) ). Despite the apparent asymmetry in the conversion properties of this device, this system is completely reciprocal since there is no magneto-optic material or any breaking of time-reversal symmetry. Thus, the scattering matrix of the system is symmetric, as can be seen by comparing Fig. 7(a) and Fig. 7(d) . Fig. 5(a). (b) The same spectra for the optimized structure in Fig. 5(b) .
Compared with the existing spatial mode diode designs, our design here utilizes only transparent materials that have no intrinsic material loss. It is in a waveguide setting that is directly compatible with integrated photonics. It has probably the smallest design footprint that has ever been reported, and has near ideal performance as far as the apparent contrast in the two directions is concerned.
It is important to emphasize that the structures presented above are not isolated instances of structures exhibiting high conversion efficiency. For example, in the combinatorial search for the optical diode, more than 10 such structures were found, with spectra shown in Fig. 8 . Therefore, our design method, when given a sufficiently large search space, is capable of producing many possible designs which might be required if additional design constraints are imposed.
Design complexity
The numerical design here is directly connected to a general theory on the design complexity of optical devices. We can consider the complexity required in our designs by using the approach of Ref. [4] . In general, it is not possible to state the complexity required for any one device design [4] ; we can, however, state the complexity required to choose any one of a family of devices [4] . In the terminology of [4] , at least at one specific frequency, the devices in Figs. 1, 2, 4, and 5 have potentially 4 input modes (M I = 4) and 4 output modes (M O = 4). The most general linear device relating input to output modes could therefore be represented by a 4 × 4 device matrix, which in this case is the same matrix as the most general 4 × 4 scattering matrix. That most general device matrix would require therefore 16 complex numbers, corresponding to 32 real numbers (a "complexity number" N D = 32 [4] ) that might have to be specified somewhere in the device design. The devices we design here are presumed to be lossless (and hence represented by a unitary matrix) and reciprocal, and we likely do not care about the phase of the output beams relative to the input beams. We can follow the counting approaches in [4] to establish the complexity number required for an arbitrary device that also satisfies these various constraints and flexibilities. If we wanted to have the freedom to design specific responses for more than one frequency, then in the worst case we would have to multiply the number of spatial input and output modes by the number of frequencies, though we will not consider this further here. See Ref. [4] for a discussion of design complexity with multiple frequencies.
First, since the device is to be unitary, the device matrix is necessarily square (unitary transformations retain orthogonality, which requires the corresponding matrices are square, for example). For an M × M unitary matrix, to specify the first column of the matrix requires 2M − 1 real numbers (the "−1" arises because the sum of the modulus squared elements must equal 1, thus reducing the real degrees of freedom by 1 in the choice of these numbers). In general, for the second column of a unitary matrix, it must be orthogonal to the first column, which means both the real and imaginary parts of the inner product of these two columns must be zero, thereby reducing the number of degrees of freedom by 2, so that second column can only have 2M − 3 real degrees of freedom to specify it. Additionally, because the matrix here is to be symmetric, the top element of this column must be the same as the second row element of the first column, reducing the degrees of freedom by a further 2, leaving 2M − 5. For each successive column, if required, we reduce the degrees of freedom by a further 4. We only need to continue until we have specified half the columns (i.e., M/2); the other columns are then all known as a result of the matrix symmetry and the orthogonality of the columns. The total number of degrees of freedom (real numbers) to specify this unitary symmetric matrix is therefore
Since we do not care about the phase of the outputs relative to the inputs, we have one less real constraint for each of the M/2 columns we can specify, so the final complexity number for an arbitrary unitary symmetric operator with floating output phases is
For our present devices, with M = 4, we therefore have N D = 8. That is, with 8 real degrees of freedom in our design, we would have enough variables in principle to design any such device with 4 input and output modes, including, therefore, the specific ones we have chosen to design. Note in our designs we have used 20 binary numbers in the simplest designs (namely, the presence or absence of each of 20 rods). How we should relate the number of real numbers, N D , required to the number of binary numbers used is not quantitatively clear, but we note we have used only a moderately larger number of binary variables here than N D . This observation is similar to the behavior of the 3-mode-to-3-mode converter of [16] , as considered in [4] . In our designs here, we have also adjusted the rod radius (a real number) in our final designs, though we note that this adjustment, though useful in some designs, did not make a large qualitative difference to the device performance.
Conclusion
We have demonstrated an extremely compact photonic crystal waveguide mode converter with a footprint of only 4 wavelengths in length. The device was designed by a process of global combinatorial search over the design space followed by a gradient-based optimization using a highly efficient tailored numerical method. Additionally, we have presented a compact optical diode design with a length of only 2 wavelengths. It was discovered by a similar combinatorial search, and the subsequent gradient descent optimization not only increased the peak efficiency of the device, but also doubled its operating bandwidth. The number of degrees of freedom used in our designs compares well with estimated numbers required for such designs based on a complexity analysis. Our work highlights the substantial opportunities in the use of aperiodic structures for the control of optical modes.
